Abstract-Following sine-cosine functions, sawtooth wave, square wave, triangular wave, and trapesoidal wave become new easily-generated periodic functions. Can a signal be considered to be a superposition of easily-generated functions with different frequencies?
DIRICHLET 'MULTIPLICATION AND A RELATED FORMULA
Dirichlet multiplication in number theory [l] plays a basic role in easily-generated function analysis. In this section, we have to briefly introduce this concept and present a related formula, which are a basis for other sections. For example, the functions I(n) and e(n) are completely multiplicative. The function f(n) = l/n is completely multiplicative as well.
For two given arithmetical functions f and g, their Dirichlet product is the arithmetical function h defined by the equation h(n) = c f(d)9 (:) ,
din for n = 1,2,3,. . . . We write h=f*g.
In the notation of Dirichlet multiplication, the relation (4) can be written as p*e=I.
For a given arithmetical function f, if there exists a function f-l such that
then f-l is called the Dirichlet inverse of f. If f(1) # 0, f h as a unique inverse, and if f(1) = 0, f has not any inverse.
As an example, the Mobius function p(n) and the function c(n) are mutually inverse.
If f is completely multiplicative, then f-l(n) = dn>f (n).
If not, it is somewhat difficult to find its inversion.
Theorem 270 in (21 provides us a miraculous relation
n=l n=l
What we shall use many times is a generalization of this theorem.
FORMULA. G(x) and g(x) are two functions defined on (-co, 00). c(n) is a function defined on positive integers and c-l(n) is its Dirichlet inverse. We have
In fact, we have
k=l co k=l and vice versa.
By the way, the task. of this paper is to brief electrical engineers on the main conclusions of easily-generated function analysis. Readers interested in mathematical rigor are referred to [3-6] for a strict theory on frequency analysis based on general periodic functions.
RELATIONS BETWEEN BASIC WAVEFORMS IN ELECTRONICS

Relations between a Waveform and a Sine-Cosine Function
In this paper, we suppose that X(x) and Y(x) are an even and odd function with period 2x, and that their Fourier ;series are
n=l with A(1) # 0 and B(I) # 0. By relation (12), we obtain that
Furthermore, if A(n) and B(n) are completely multiplicative, then we have 1. SAWTOOTH WAVE. The function Ys,(x) with period 27r is called a sawtooth wave, whose value in one period is given by 7r--2 Ka(x) = 1 -, 2 o<x<27r,
Its Fourier series is [7] Y&(x) = sin 5 + f sin(2x) + 5 sin(3x) + . . . + i sin(nx) + . f. .
Its Fourier coefficients B,,(n) = l/n is completely multiplicative, and therefore, B,'(n) = (&4)/n. 
Relations between Two Waveforms
Suppose that X,(z) and X2(z) are two even functions with period 2n, and their Fourier cosine series are 
C-' =AP*A;'.
(51)
For example, the relations between the even square wave XSq(z) and the even triangular wave Xtri (X> are
The convergence processes of the series (52) and (53) are shown in Figure 3 . The relations between two odd periodic functions are similar.
(52) Suppose that Yr(z), Y2(2) are two odd functions with period 27r, and their Fourier coefficients are Bi(n) and Bz(n) with Bi(1) # 0 and B2(1) # 0. The functions Yi(x) and Ye are related 
As an example, the sawtooth wave YS,(x) and the odd square wave YSg(x) are related by
and Ysa(x) = :ys,(x) + kY,(2x) + iYsq(4x) +. . . + &Y (2rnx) + *. . .
EASILY-GENERATED FUNCTION SERIES
It is well known that a periodic function f(z) with period 27r has a Fourier series
( '30) where the Fourier coefficients are determined by a0 = -2', -+r f(x) dx, I
?r
Now let us introduce frequency series based on general periodic functions X(x) and Y(x), Putting (15) and (16) into (60), we obtain
where the coefficients alre co = ao, 
The series (66) is called frequency series based on general periodic functions X(x) and Y(x). When X(x) and Y(x) are easily-generated functions, the series (66) is called easily-generated function series. The functions h,(x) and gn(x) are called the biorthogonal functions related to the periodic functions X(x) and Y(x). By equations (73)-(75), a signal can be expressed as a frequency series based on an arbitrary waveform, such as square wave, triangular wave, trapezoidal wave, and so on. where the coefficients can be determined by 
This is the very conclusion. 
The dual functions of triangular waves are
as shown in Figure 8 . 
as shown in Figure 9 .
Easily-Generated 
Now let us introduce the discrete transformation based on the general periodic functions X(x) and Y(x).
By their Fourier series
we have 
Since (144) is an orthogonal basis, it follows from (166) and (167) . . , (cosmz)N, (sinx)N,. . . , (sinmz)N) 
TECHNIQUES OF EASILY-GENERATED FUNCTION ANALYSIS
In this section, we shah introduce the techniques and applications of easily-generated function analysis, including generation of easily-generated functions, synthesizer and analyzer for easilygenerated functions, filtering and multiplexing based on easily-generated functions, transformer from one kind of coefficients to another, and Fourier synthesizer by means of easily-generated function. 1. GENERATION OF EASILY-GENERATED FUNCTIONS. Generally, square wave, triangular wave, and trapezoidal wave are easily-generated functions in modern electronics.
As an example, it is quite convenient to obtain a system of square waves with different frequencies from a high frequency pulse by means of counting circuit. Concretely speaking, suppose that there are 24 pulse signals distributed uniformly in (-n, 7r). By a t12 counter, the odd square wave Y(x) can be obtained, and by setting the initial number of the counter be 6, one can obtain the even square wave X(x). Y(2s), Y(3x), Y(6x), Y(12~), and X(2x), X(3x), X(6x) can be obtained in the similar way. See Figure 10 .
Obviously it is somewhat hard to generate the sine-cosine system in the same way.
2. SYNTHESIZER BASED ON EASILY-GENERATED FUNCTIONS. In practical applications by selecting proper relative magnitudes of enough easily-generated functions with different frequencies, one can synthesize any signal at a certain accuracy with a summation circuit. See equation (66) and Figure 11 . This is called a signal synthesizer based on easily-generated functions, or simply easily-generated function synthesizer.
3. ANALYZER FOR EASILY-GENERATED FUNCTIONS. With the biorthogonal functions of easilygenerated functions, one can decompose any signal into easily-generated functions by a computer program or by a specially designed device. The device is called a signal analyzer for easilygenerated functions, or simply easily-generated function analyzer. See equations (73)-(75) and Figure 12 .
4. FILTERING BASED ON EASILY-GENERATED FUNCTIONS. By decomposing a signal into a series of easily-generated functions with an easily-generated function analyzer and then recovering the signal with a certain part of these components, filtering based on easily-generated functions can be carried out. See Figure 13 .
5. TIME-DIVISION MULTIPLEXING. Since a group of easily-generated function coefficients is associated with a signal lasting a time interval, by transmitting easily-generated function co- 
FOURIER SYNTHESIZER BY MEANS OF EASILY-GENERATED FUNCTIONS.
It is more convenient to generate easily-generated functions than sine-cosine functions. Therefore, when we synthesize a signal by means of its Fourier coefficients, we can first transform its Fourier coefficients into easily-generated function coefficients (such as square wave coefficients) by the relations (67)-(69), and then synthesize the signal with an easily-generated function synthesizer (such as square wave synthesizer). See Figure 16. 8. FREQUENCY-DIVISON MULTIPLEXING. If we use easily-generated functions as carriers, and their biorthogonal functions as demultiplexing waves, frequency-division multiplexing based on easily-generated function can be carried out [3] . But before, we misunderstand that only can orthogonal functions such as sine-cosine functions and Walsh functions be carrier in frequencydivision multiplexing [S] . See Figure 17 .
Though today we can generate a system of easily-generated functions with different frequencies in technique, we k.now little about the theory of easily-generated function analysis, so that applications of easily-g;enerated functions are limited seriously.
From the above, we conclude that a function with period 27r can be expressed as a frequency series based on easily-generated functions, a nonperiodic function can be expressed as a frequency integral based on easily-generated functions, and a function known at only some points can be approximately expressed as a superposition of finite easily-generated functions. A series of techniques based on sin+cosine functions can be translated into techniques based on easily-generated functions. As a new and practical generalization of Fourier analysis, the easily-generated function analysis will be important in both theory and applications [9] . 
